We analyze data from direct numerical simulations of homogeneous and isotropic turbulence (at Re λ ≈ 280) and study the statistics of curvature and torsion of Lagrangian trajectories in order to extract informations on the geometry of small scale coherent structures in turbulent flows. We find that, as previously observed by Braun et al [15] and by Xu et al [25] , the high curvature statistics is dominated by large scale flow reversals where the velocity magnitude assumes very low values. In order to focus on small-scales signatures, we introduce a cutoff on the velocity amplitude and we study the probability distribution of curvature conditioned only on those events when the local velocity is not that small. In this way we are able to select small-scales turbulent features, connected to vortex filaments. We show that the conditioned curvature probability density is well reproduced by a multifractal formalism, following previous calculations made for acceleration. Finally, by studying the joint statistics of curvature and torsion we find further evidences that intense events are dominated by helical type trajectories.
Introduction
The transport of particles in turbulent flows is an ubiquitous phenomenon relevant in very different physical contexts as cloud formation, pollutant dispersion, formation of "planetesimals" and turbulent mixing in chemical reactions [1] [2] [3] [4] . To decribe it, the optimal framework results to be the Lagrangian one, where flow properties are studied following the trajectories of individual fluid elements. Thus, understanding the Lagrangian statistics of particles advected by a turbulent velocity field u(x, t) is a fundamental issue for both its theoretical implications (as, for instance, the development of stochastic models for dispersion and mixing) and for applications [1, 5, 8] . Lagrangian description is also more suitable than the Eulerian one to reveal the geometry and the statistical "weight" of coherent structures in turbulent flows. We cite here, for example, the preferential concentration of heavy/light particles inside hyperbolic/elliptic regions [19] [20] [21] , the strong acceleration bursts experienced by tracers when following streamlines around vortex filaments [6, 18] or the regularising effects of inertia in the transition from viscous scales to inertial range scales in the behaviour of Lagrangian Structure Functions [20] . Studies of Lagrangian turbulence mainly involve the analysis of the statistics of velocity (or vorticity) and acceleration [2, 6, 7, 9-13, 18, 22] (for an updated recent review see Toschi & Bodenschatz [14] ). As suggested by Braun et al. [15] , the trajectory of a Lagrangian particle x = x(t) can be also seen as a set of parametric equations representing a spatial curve in 3D. As such it can be described by means of tools borrowed from differential geometry: in particular, it is well known that a curve is uniquely determined by the knowledge at every point (or equivalently, in our "time-like" parameterization, at every instant of time) of two fundamental geometric parameters: the curvature κ and the torsion θ. They are related to the velocity (u) and the acceleration (a) of the particle by:
(where a ⊥ is the magnitude of the normal, or centripetal, acceleration) and
Dimensionally κ and θ are an inverse length, so we may expect that they assume very high values in correspondence of the small scale structures we are interested in, namely the vortex filaments (see [28] for the case of two-dimensional decaying turbulence). It has been shown [6, 17, 18, 20] that such filaments are of great relevance in the Lagrangian statistics of turbulent velocity and acceleration for both tracers and inertial particles (playing in the latter case a crucial role in the mechanism responsible for the strong inhomogeneous particle spatial distribution). The aim of this work is to characterize the geometry of these coherent structures by studying the statistics of extreme values of curvature and torsion. The paper is organized as follows. In section 2 we discuss the statistics of instantaneous and time-averaged (and conditioned on velocity values) curvature, in the latter case deriving some analytical results in the framework of the multifractal formalism; in section 3 we analyze the joint statistics of curvature and torsion in order to stress its connection with the topology of small-scale coherent structures. Conclusions and perspectives are left to the last section.
Curvature statistics
We analyzed data produced in a Direct Numerical Simulation of homogeneous and isotropic turbulence in a cubic lattice of 1024 3 grid points [18] , corresponding to Re λ = 284, seeded with about two millions Lagrangian particles (passive tracers), evolving according to the dynamics
where u(x, t), the fluid velocity field, is a solution of the incompressible NavierStokes equations
which have been integrated on a triply periodic cubic box by means of a fully dealiased pseudospectral code (energy was injected at an average rate ε by keeping the total energy constant in each of the first two wavenumber shells [23] ). The equations ( velocity at the lattice sites. Let us stress that the acceleration field we can measure is continuous (and differentiable inside lattice mesh) because it is reconstructed from the local values of pressure gradients, laplacian of velocity and the external forcing along the trajectories. In such a way we can calculate a directly from the rhs of (4), without performing any differentiation of the particle velocity, thus minimizing noise effects due to numerical differentiation, which are unavoidably present in experiments and, in general, in numerical simulations as well.
Instantaneous and "time-filtered" curvature
In figure (1) we show the PDF of the instantaneous curvature P(κ) (in units of its standard deviation). It is possible to notice the same power-law tail P(κ) ∼ κ −5/2 , for large curvatures, observed in the numerical simulations by Braun et al. [15] and in the experiments by Xu et al. [25] . In the latter work it is argued that such a behaviour can be explained considering that the very high curvature events are linked to large scale flow reversals where the particle inverts its motion and its velocity goes to zero, u 2 ∼ 0. Therefore, the PDF scaling for large curvatures is mainly determined by the Gaussian statistics of the velocity and, in this context, it can be reproduced analytically by simple arguments [25] . In order to avoid contamination from large scale motion, in [25] was suggested to enhance the contribution of vortex filaments by studying the statistics of the curvature averaged over some time intervals ∆ [24] . The rationale at the basis of this operation consists in the observation that, while the "trapping" events of particles into the filaments are characterized by a certain degree of temporal persistency (due to the already stated spatio-temporal coherence of such structures), the flow reversals with very low velocity show very little auto-correlation times (indeed, the larger the curvature the lesser the auto-correlation time). Thus, we have measured the PDFs of the time-filtered curvature: for ∆ = τ η , 5τ η , 10τ η , where τ η is the Kolmogorov time scale. However, even for the greatest time "window" (10τ η ), we do not obtain the desired result. In fact, as it is evident from figure (2) where we report the PDFs of instantaneous and time-filtered (with ∆ = 10τ η ) curvature, time-filtering is effective mostly at small κ, where the PDF exhibits an important lowering of the tail. The explanation why filtering is not effective at high κ values can be understood with the help of a single example. In the inset of figure (2) we analyse the effect of filtering around a very intense event in our statistics. We superimpose the temporal signal of the curvature together with the filtered one for a trajectory selected at random in the P(κ (∆=10τη ) ) tail: at the instant of time at which the event of flow reversal occurs (indicated with an arrow) the curvature becomes so large that it is weakly damped even averaging over the longest time interval we used.
Vortices identification and analytical results
In order to really focus only on those high-curvature events given by large values of the numerator in (1) we propose to introduce also a cutoff (Λ) on the values of the velocity, i.e. we included in the computation of the filtered PDF only those events for which
where u rms is the root mean squared velocity magnitude. In this way, we define a conditional PDF:
As one can see from figure (3), the application of this constraint results in a dramatic change in the shape of the PDF for high curvature values. In figure (3) we can observe a marked change of the slope of P Λ (κ (∆=10τη ) ) around the valuẽ
where σ κ is the curvature standard deviation. It seems now reasonable to infer that such change of the slope must be attributed to the presence of vortical structures, thus being connected to small scales turbulent properties. Indeed, because of the constraint imposed on u 2 , the highest curvature values are now due to large and temporally persistent accelerations (or, more correctly, to centripetal accelerations). If this is true, the large tail behaviour should be captured by the same multifractal arguments that have been proved successful for describing unconditional acceleration statistics [26] , which is highly intermittent [6, 9, 26, 28] . We can write for the curvature PDF (denoted, from now on, with P(κ), for the sake of simplicity) the following expression
where P joint (a, u 2 ) is the joint PDF of a and u 2 and the Heaviside Θ function has been included to take into account the cutoff on the velocities. Note that we use a for a ⊥ , neglecting geometrical constraints. Following the multifractal description presented in [26] we have the relation
where ν is the viscosity, L 0 is the integral scale (we will keep L 0 ∼ 1 in the following) and h the scaling exponent, characterising the local velocity fluctuation. At the Kolmogorov scale, the probability to have the exponent h is [26] where T L is the Lagrangian integral time scale and D(h) is the fractal dimension of the set characterised by the exponent h. Using for the probability density of u 2 a third order χ 2 distribution:
we obtain:
(13) Integration over a and u yields the final expression
valid for κ > ∼ 2.0σ κ . 1 Working out the integral with h ∈ [0.16, 0.38] (for integrability reasons exposed in [26] ) and using for D(h) the empirical form proposed by She and Lévêque [27] :
(where p(h) = (3/ ln(2/3)) ln[(9h−1)/6 ln(3/2)]), we have the result shown in figure  (4) , in excellent agreement with the measured PDF for large curvatures. More in detail, it is worth remarking that the two curves are almost coincident for values of curvature larger than the "critical" valueκ. 
Joint statistics of curvature and torsion
Torsion measurements are practically impossible in experiments [25] and available only at very low Reynolds numbers in previous numerical works [15] . The difficulty is due to the fact that they involve the time derivative of the acceleration. In our numerical data-base acceleration is differentiable inside mesh grids and continuous everywhere, we could therefore measure torsion with a good signal to noise ratio. It is natural to suppose that the emergence of coherent structures with peculiar geometries induces somehow a correlation between curvature and torsion of trajectories, as they contain informations on such structures. Keeping that in mind we studied the joint statistics of the two quantities. We calculated the residual value [24] of the logarithms of κ and θ, that is the quantity
which quantifies the degree of correlation existing between the two variables. In figure (5) we plot R(log(κ), log(θ)) and R( log(κ) ∆ , log(θ) ∆ ), with ∆ = 10τ η , projected onto the log(θ) vs log(κ) plane (isocontours are drawn for positive correlation R > 0). The most relevant feature to be stressed is that the effect of time filtering is to accumulate the isocontours to intensify the correlation along the straight lines log(θ) = log(κ) + c (parallel to the plane bisector). This equation is exactly what one obtains by taking the logarithm of
which is the relation elapsing between torsion and curvature for a "perfect" cylindrical helix (λ being its reduced step and R the cylinder radius), that is the prototype of spatial curve that we imagine when thinking of a vortex tube. These observations strengthen furthermore the idea that when filtering one enhances the statistical signature of vortices.
Conclusions
We have analyzed data from DNS of Lagrangian tracers, focusing our attention on the statistics of parameters able to characterize the geometry of particle trajectories, namely curvature and torsion. We found that the statistics of instantaneous curvature is mainly dominated by large scale flow reversal events, rather than by small scale structures like vortex tubes. Indeed, the asymptotics of the PDF can be reproduced by simple Gaussian statistics arguments [25] . In order to unravel smallscales turbulence features, we meant to compute the PDF of curvature averaged in time, including only those events for which the squared velocity magnitude u 2 was greater than a certain threshold, so to avoid the reversals (where u 2 ∼ 0) and to exalt the statistical signature of vortices. This approach successfully resulted in a marked change of slope in the PDF tail at high curvature values, pointing out the possible presence of vortex filaments. The criterion here presented is therefore different from what proposed in other works [16] . Moreover, we could derive an analytical expression for P Λ (κ ∆ ), in the context of the multifractal formalism, which fits well the far tails, providing an interesting matching between geometry and phenomenology. The analysis of joint statistics of curvature and torsion has been also addressed, confirming our statements on the topology of coherent small scale structures.
